In this paper we use a property of the extension operator from the space of tangential traces of H(curl; Ω) in the context of the linear relaxed micromorphic model, a theory which is recently used to describe the behaviour of some metamaterials showing unorthodox behaviors with respect to elastic wave propagation. We show that the new property is important for existence results of strong solution for non-homogeneous boundary condition in both the dynamic and the static case.
Introduction
In some recent papers [17, 28] , the last two authors and their collaborators have studied the existence of the solution of certain initial-boundary value problems in the relaxed micromorphic models [29] under homogeneous boundary conditions. These models are constructed as useful alternatives to the classical micromorphic theory [11, 12, 26] , which is difficult to be used for practical problems, first of all due to the very large number of constitutive parameters which have to be determined from experiments. The micromorphic theory [12, 26] is a generalised theory of continua which is capable to describe both macro-and micro-deformation by considering that any point of the body is endowed with two fields, a macroscopic vector field u : Ω × [0, T ] → R 3 for the displacement of the macroscopic material points, and a macroscopic tensor field P : Ω×[0, T ] → R 3×3 describing the micro-deformation (micro-distortion) of the substructure of the material. In this paper we consider Ω to be a connected, bounded and open subset of R 3 with a C 1,1 boundary ∂Ω and T > 0 denotes a fixed time interval. In classical elasticity it is assumed that the body is composed by material points. However, the material points are physical representations of some domains for each of which the shapes and the rotations are ignored. In the micromorphic theory, each such "small" domain actually may rotate, stretch, shear and shrink (the micro-distortion). All these informations are stored by the additional tensor P ∈ R 3×3 , called the micro-distortion tensor. In the relaxed micromorphic model we use Curl P ∈ R 3×3 as constitutive variable, instead of ∇P ∈ R 3×3×3 used in the classical micromorphic theory. This choice has allowed us to reduce the number of constitutive coefficients involved in the model. In contrast to the classical micromorphic theory, considering a wave ansatz in the partial differential equations arising in the relaxed micromorphic model, some band gaps occur in the diagrams describing the dispersion curves, see [2, 5, 9, 10, 22, 24, 25, 27] . This means that there exists an interval of wave frequencies for which no wave propagation may occur [21, [23] [24] [25] . Such an interesting phenomena is obtained in experiments when meta-materials are designed and cannot be captured by the classical micromorphic approach [10, 22] . These meta-materials are able to "absorb" or even "bend" elastic waves with no energetic cost (see e.g. [13, 14] ).
Another interesting aspect is that, in the relaxed micromorphic theory, we were able to prove the existence of the solution of the related initial-boundary value problem with homogeneous boundary conditions without assuming that the corresponding energy is positive definite in terms of the constitutive variables used in the classical micromorphic model. In the dynamic case and for homogeneous boundary conditions, the strong solution (u, P ) belongs to C 1 ([0, T )), H 1 0 (Ω))× C 1 ([0, T )), H 0 (Curl; Ω)), while in the static case the weak solution belongs to H 1 0 (Ω) × H 0 (Curl; Ω). However, in contrast to other mechanical models, there are no physical evidences why the boundary conditions (Dirichlet boundary conditions on the displacement u and tangential boundary conditions on the micro-distortion tensor P ) must be homogeneous. In order to obtain existence and uniqueness results for non-homogeneous boundary conditions, the idea is the same as for classical linear elasticity [36] (see also [19] ), i.e. we have to remove the boundary conditions. There are no additional difficulties in order to remove the Dirichlet boundary conditions u = g on ∂Ω as long as g ∈ H 1 2 (∂Ω), since we use the standard extensions operator from the trace space H 1 2 (∂Ω) to H 1 (Ω) and everything is reduced to the situation when we have homogeneous Dirichlet boundary conditions. However, we do not expect the same when we intend to remove the tangential boundary condition on the micro-distortion tensor P i × n = G i on ∂Ω, i = 1, 2, 3, where P i are the lines of the tensor P . Indeed, using the results established by Alonso and Valli [3] , the functions G i have to belong at least to the space
, in order to have a clear meaning of the boundary condition P i × n = G i on ∂Ω in the sense of H − 1 2 (∂Ω). In the framework of the results presented in [3] , the first idea is to use directly the extension operator from the space χ ∂Ω to H(Curl; Ω) since we know that for each G ∈ χ ∂Ω we have that Curl G ∈ L 2 (Ω), where G is the extension of G in H(Curl; Ω). But, in order to obtain the existence result in the relaxed micromorphic model (see Section 3), the extension G of G (which prescribes the values of P i × n on the boundary) has to be such that Curl Curl G ∈ L 2 (Ω) (or Curl G ∈ (H 0 (Curl; Ω)) * if we are interested in a weak solution) and Div(sym P ), Div(skewP ) ∈ L 2 (Ω), bioth of which are unknown from the construction given by Alonso and Valli [3] . However, the extension operator constructed by Alonso and Valli [3] is such that Curl(Curl G) = 0. If we assume that G ∈ χ ∂Ω := {G ∈ H 1 2 (∂Ω) : G i , n = 0 on ∂Ω}, then from [8, Theorem 6 of Section 2] we deduce that the extension G belongs to H 1 (Ω). In Section 3, with the help of this property, we are able to show an existence result for the initial-boundary value problem with non-homogeneous boundary condition. We have no information about Div P in Ω and even about P i · n, i = 1, 2, 3, on ∂Ω in the considered model. In the last section of the paper, we show that a similar technique leads to the existence of the weak solution for the static problem with non-homogeneous boundary condition. In a future contribution we will use these results in order to deal with a local higher regularity result for the micro-distortion tensor P and for the displacement u.
The extension operator on the space of tangential traces of H(curl; Ω)
As usual, the space H 1 (Ω) denotes the Hilbert space of vectors from L 2 (Ω) such that all weak partial derivatives of order one belong also to L 2 (Ω). The space H 1 2 (∂Ω) represents the trace space of H 1 (Ω) over ∂Ω, while the space H 1 0 (Ω) is the subspace of functions v ∈ H 1 (Ω) which are zero on the boundary ∂Ω in the sense of H 1 2 (∂Ω). In order to prove existence and uniqueness results for the relaxed micromorphic model with non-homogeneous boundary conditions we are going to remove the tangential conditions. Now, let us introduce the space H(curl; Ω)
By H 0 (curl; Ω) we will denote the closed subspace of vectors v ∈ H(curl; Ω) such that v × n = 0 on the boundary ∂Ω in the sense of H − 1 2 (∂Ω) (the dual space of H 1 2 (∂Ω)). Moreover, we consider the set
Similarly, H 0 (div; Ω) is the subspace of vectors v ∈ H(div; Ω) satisfying v, n = 0 on ∂Ω in the sense of H − 1 2 (∂Ω). We recall the definition of the tangential divergence of vectors from the space H 1 2 (∂Ω) (for more details we refer to [7] ).
Definition 2.1. Let us assume that
v ∈ H − 1 2 (∂Ω) be a vector field satisfying v, n = 0 on ∂Ω. The tangential divergence div τ v of the vector v is the distribution in H − 3 2 (∂Ω) which satisfies [[div τ v, w]] ∂Ω = −[v, (∇w * ) ∂Ω ] ∂Ω ∀ w ∈ H 3 2 (∂Ω) ,(2.
5)
where w * ∈ H 2 (Ω) is any extension of w in Ω. Here, [·, ·] ∂Ω denotes the duality pair between the space H − 1 2 (∂Ω) and H It is well known that (n × v) ∂Ω belongs to H − 1 2 (∂Ω) provided that v ∈ H(curl; Ω) (see [18, p. 34] ). In fact, if the boundary satisfies some regularity conditions, the tangential trace belongs to a proper subspace of H − 1 2 (∂Ω) defined by
.
This result was obtained by Alonso and Valli [3] . holds. Let us denote by γ τ : H(curl; Ω) → χ ∂Ω the tangential trace mapping, which is continuous. In [16, 33, 34] it is proved that the mapping γ τ is also surjective. For better understanding and since it is very useful to visualize a specific step of the construction proposed by Alonso and Valli [3] , we shortly present the construction of the extension operator.
1. Assume that v ∈ χ ∂Ω and first let us consider the following Neumann problem
(2.9) Lemma 3.2 in [3] implies that there exists a unique solution w(v) ∈ H 1 (Ω) of (2.9), which satisfies the estimate
where C * 1 > 0 only depends on Ω.
Let us introduce the set of Neumann harmonic vectorfields
It is know that this vector space has a finite dimension n (see for instant [15, 35] ). Let us set {λ i } n i=1 an orthonormal basis of H(n) equipped with the scalar product in L 2 (Ω).
Moreover, define the function 
(2.12)
Observe that the function φ ∈ W and λ i are well defined on ∂Ω and both belong to H 1 2 (Ω). This follows from the property
which is satisfied for a C 1,1 boundary of Ω (the general reference is [18] ). Lemma 3.4 of [3] yields that there exists a unique solution r(v) ∈ W of problem (2.12) which satisfies
for all v ∈ χ ∂Ω , where the positive constant C 1 depends on Ω, only. In addition, the problem (2.12) is satisfied in a "strong" sense (for almost all x ∈ Ω) and div r(v) = 0 (see Lemma 3.5 of [3] ).
3. Now we are able to construct an extension operator. Let us define R ∂Ω (v) := curl r(v). We observe that:
• curl r(v) ∈ L 2 (Ω) (by inequality (2.14)) , 12) is satisfied in the strong sense).
The construction of the extension operator is finished. Hence, using the above result we deduce R ∂Ω (v) ∈ H 1 (Ω).
The relaxed micromorphic model. Preliminary resuls
We consider now that a relaxed micromorphic continuum occupies the domain Ω and that the motion of the body is referred to a fixed system of rectangular Cartesian axes Ox i , (i = 1, 2, 3). Throughout this paper (if we do not specify otherwise) Latin subscripts take the values 1, 2, 3. We denote by R 3×3 the set of real 3 × 3 matrices. For all X ∈ R 3×3 we set sym X = 1 2 (X T + X) and skewX = 1 2 (X − X T ). The standard Euclidean scalar product on R 3×3 is given by X, Y R 3×3 = tr(XY T ), and thus the Frobenius tensor norm is X 2 = X, X R 3×3 . In the following we omit the index R 3×3 . The identity tensor on R 3×3 will be denoted by ½, so that tr(X) = X, ½ . Typical conventions for differential operations are implied such as comma followed by a subscript to denote the partial derivative with respect to the corresponding cartesian coordinate, while t after a comma denotes the partial derivative with respect to the time.
In the rest of the paper, for vector fields v with components in H 1 (Ω) we consider
For tensor fields P with rows in H(curl ; Ω), i.e. P = P T 1 ,
The corresponding Sobolev spaces for the second order tensor fields P and Curl P will be denoted by H(Curl ; Ω) and H 0 (Curl ; Ω) , respectively. The partial differential equations in the unknown functions u : Ω × [0, T ] → R 3 and P : Ω × [0, T ] → R 3×3 associated to the dynamical relaxed micromorphic model [29] are
in Ω × (0, T ), where F : Ω × (0, T ) → R 3 is a given body force and M : Ω × (0, T ) → R 3×3 is a given body moment tensor.
Here, the constants µ e , λ e , µ c , µ micro , λ micro are constitutive parameters describing the elastic response of the material, while L c > 0 is the characteristic length of the relaxed micromorphic model. The limit case L c → 0 corresponds to considering very large specimens of a microstructured meta-material [4] . We suppose that the constitutive parameters are such that µ e > 0, 2µ e + 3λ e > 0,
These assumptions assure that the corresponding potential energy
is coercive, i.e. there exists a constant C > 0 such that
for all u ∈ H 1 0 (Ω) and P ∈ H 0 (Curl ; Ω). This coercivity follows even for µ c = 0, due to the following result: Theorem 3.1. [6, [30] [31] [32] There exists a positive constant C, only depending on Ω, such that for all P ∈ H 0 (Curl ; Ω) the following estimate holds:
C ( symP 2 L 2 (Ω) + Curl P 2 L 2 (Ω) ). The system (3.1) is considered with the boundary conditions u(x, t) = g(x, t) and the non − homogeneous tangential condition P i (x, t) × n(x) = G i (x, t) (3.6) for (x, t) ∈ ∂Ω × [0, T ], where n is the unit normal vector at the surface ∂Ω, × denotes the vector product and P i (i = 1, 2, 3) are the rows of P . The model is also driven by the following initial conditions
for x ∈ Ω.
Definition 3.2.
We say that the initial data (u (0) , u (1) , P (0) , P (1) ) satisfy the compatibility condition if
The main result of [17] is:
(Existence of solution with homogeneous boundary conditions) Let us assume that the constitutive parameters satisfy (3.2) and the initial data are such that
Additionally, assume that Div 2µ e sym(∇u (0) − P (0) ) + 2µ c skew(∇u (0) − P (0) ) + λ e tr(∇u (0) − P (0) )½ ∈ L 2 (Ω) , Curl Curl P (0) ∈ L 2 (Ω) and F ∈ C 1 ([0, T ); L 2 (Ω)) , M ∈ C 1 ([0, T ); L 2 (Ω)). Then, the system (3.1) with homogeneous boundary conditions (3.6) and initial conditions (3.7) possesses a global in time, unique solution (u, P ) with the regularity: for all times T > 0 u ∈ C 1 ([0, T ); H 1 0 (Ω)) , u ,tt ∈ C((0, T ); L 2 (Ω)) , P ∈ C 1 ([0, T ); H 0 (Curl; Ω)) and P ,tt ∈ C((0, T ); L 2 (Ω)) .
(3.10)
Moreover, Div 2µ e sym(∇u − P ) + 2µ c skew(∇u − P ) + λ e tr(∇u − P )½ ∈ C((0, T ); L 2 (Ω)) and Curl Curl P ∈ C((0, T ); L 2 (Ω)) .
Existence of solution with non-homogeneous boundary conditions in dynamics
In order to prove existence and uniqueness of solution of the system (3.1) with non-homogeneous boundary conditions we will rewrite the tangential condition on the micro-distortion tensor and use the result from the paper [17] together with the new property of the extension operator presented in the previous section. and that the compatibility condition (3.8) holds. Additionally, assume that
Curl Curl P (0) ∈ L 2 (Ω) (4.3)
and Moreover, Div 2µ e sym(∇u − P ) + 2µ c skew(∇u − P ) + λ e tr(∇u − P )½ ∈ C((0, T ); L 2 (Ω)) and Curl Curl P ∈ C((0, T ); L 2 (Ω)) .
Proof. The uniqueness is trivial, while for the existence we remove the boundary conditions (3.6). The standard extension theorem (see Adams's book, Theorem 7.53 of [1] ) yields that there exists an extension g ∈ C 3 ([0, T ); H 2 (Ω)) of g in Ω. Additionally, from Corollary 2.3 we obtain that there exists G i ∈ C 3 ([0, T ); H(curl; Ω)) (i = 1, 2, 3) such that n × G i = G i on ∂Ω in the sense of H − 1 2 (∂Ω), curl curl G i = 0 and ∇ G i ∈ H 1 (Ω). Note that the property curl curl G i = 0 is not sufficient to prove the existence result, since we also need to know that Div(sym P ), Div(skewP ) ∈ L 2 (Ω), which are unknown informations from the construction given by Alonso and Valli [3] .
Observe that, in order to find the solution (ū,P ) of the problem (3.1)-(3.7), we have to find a solution (u, P ) of the following system u ,tt = Div 2µ e sym(∇u − P ) + 2µ c skew(∇u − P ) + λ e tr(∇u − P )½ + F ,
where
(4.9) Now, the system (4.7) will be considered with the boundary conditions u(x, t) = 0 and the homogeneous tangential condition P i (x, t) × n(x) = 0 (4.10)
for (x, t) ∈ ∂Ω × (0, T ) and initial conditions
for x ∈ Ω. Using the assumptions on the functions g and G we conclude that F ∈ C 1 ([0, T ); L 2 (Ω)) and M ∈ C 1 ([0, T ); L 2 (Ω)). Hence, existence and uniqueness of solution for the system (4.7) with initial-boundary conditions (4.10) and (4.11) immediately follow from Theorem 3.3 and the proof is completed. 1. The property curl curl G i = 0 of the extension (which is known from the construction given by Alonso and Valli [3] ) is sufficient to prove the existence of the weak solution corresponding to non-homogeneous boundary conditions. In this case, we should rewrite the system Since we do not need to know a priori that Div(sym P ), Div(skewP ) ∈ L 2 (Ω), the problem being formulated in a weak sense, the assumption G i ∈ C 3 ([0, T ); χ ∂Ω ) leads us to an existence result of the weak solution.
2. However, when we consider the problem of higher regularity, the L 2 (Ω) × L 2 (Ω) setting is needed, and therefore the assumption G i ∈ C 3 ([0, T ); χ ∂Ω ) suffices to have the existence of the strong solution.
3. Our remark that our analysis covers also the situation when the boundary condition imposed on the microdistortion P is related to the displacement u, i.e. a coupling condition of the type P i × n = ∇u × n on ∂Ω, since this implies
: v, n = 0} as long as g ∈ C 3 ([0, T ); H 3 2 (∂Ω)).
Existence of solution with non-homogeneous boundary conditions in the static case
The In the following we give an extension of this result to the case of non-homogeneous boundary conditions. Theorem 5.2. Assume that i) the constitutive coefficients satisfy the inequalities (3.2);
iii) the boundary conditions are such that g ∈ H Proof. Using the assumptions on the functions g and G we conclude that F ∈ L 2 (Ω) and M ∈ L 2 (Ω) as long as F ∈ L 2 (Ω), M ∈ L 2 (Ω). Hence, the existence and uniqueness of the weak solution solution for non-homogeneous boundary conditions follows immediately.
Let us now assume that the functions which define the boundary conditions are such that g ∈ H 3 2 (∂Ω) , G i ∈ χ ∂Ω i = 1, 2, 3 . We recall that from the standard trace theorem and Theorem 2.2 we obtain that there exist the functions g ∈ H 2 (Ω) and G i ∈ H(Curl; Ω) such that curl curl G i = 0 and G ∂Ω = g and G i ×n = G i , i = 1, 2, 3, in the sense of H − 1 2 (∂Ω). In this case, we may rewrite the problem for F, M ∈ H −1 (Ω) × [H 0 (Curl; Ω)] * . Therefore, we arrive to a similar existence result, where all the derivative in the definitions of F and M are weak derivates.
However, while G i ∈ χ ∂Ω , i = 1, 2, 3 is sufficient to obtain an existence results of the weak solution for appropriate regularities of the load functions, when the higher-regularity problem is considered we expect that the assumption G i ∈ χ ∂Ω , i = 1, 2, 3 will play a crucial role.
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